This article studies covers in PG(3; q) and in generalized quadrangles. The excess of a cover is de ned to be the di erence between the number of lines in the cover and the number of lines in a spread. In contrast with the theory of partial spreads which tells us that large partial spreads can be extended to spreads, in PG(3; q) and in some generalized quadrangles, there exist minimal covers with small excess. For such minimal covers with small excess, we describe the structure of the set of points lying on at least two lines of the cover.
1 Introduction Let = PG(3; q) be the 3-dimensional projective space over the nite eld F q of order q. A 0-cover of is a mapping from the set of lines of into Z associating a weight L to each line L such that for each point of , the sum of the weights of the lines passing through that point is at least zero. A minimal 0-cover is a 0-cover such that the weight of every line of is minimal. This means that every line of contains at least one point with weight zero. The excess of a 0-cover is the sum of the weights of the lines of .
A partial spread is a set of skew lines of . A partial spread is called maximal when it is not contained in a larger partial spread. A spread of is a set of q lines of which form a partition of the points of . A cover of is a set of lines of such that each point of belongs to at least one line of the cover. A cover is called minimal when no proper subset of it is still a cover. Equivalently, a cover M is minimal when each line of M contains a point on no other line of M. The excess of a cover is equal to the number of lines in the cover minus q 2 + 1. A point of is called a multiple point of a cover when it belongs to at least two lines of the cover.
A blocking set K of the projective plane PG(2; q), de ned over F q , is a set of points such that each line of PG(2; q) contains at least one point of K. A blocking set K containing a line of PG(2; q) is called a trivial blocking set. When K does not contain a line, it is called a non-trivial blocking set.
Let L be a collection of lines of PG(3; q), where each line is accorded a nonnegative integer called its weight. The set of points which lie on at least one element of L is called the sum of the lines L. Further, the weight of a point p in the sum of lines L is the sum of the weights of the lines of L passing through p.
A generalized quadrangle GQ(s; t), with parameters (s; t), s 1, t 1, is an incidence structure S = (P; B; I) in which P and B are disjoint, non-empty sets of objects, called respectively points and lines, and for which I is a symmetric point-line incidence relation satisfying the following axioms:
(i) each point is incident with 1 + t lines and two distinct points are incident with at most one line; (ii) each line is incident with 1 + s points and two distinct lines are incident with at most one point; (iii) if x is a point and L is a line not incident with x, then there is a unique pair (y; M) 2 P B for which x I M I y I L.
A spread of S is a set of lines that partitions the point set, that is, a set of st + 1 pairwise non-concurrent lines. A (minimal) cover is de ned as above. If M is a minimal cover with st + 1 + r lines, we say M has excess r. Partial We address the \dual" problem of 0-covers and covers. For instance, for which values of r does there exist a minimal 0-cover of excess r?
The following fundamental examples show that PG(3; q) and all GQ(s; t) have minimal covers with excess respectively q and t ? 1. In PG(3; q), consider the star of lines through a xed point; these lines form a minimal cover of excess q. In S = GQ(s; t), let L be a line of S and put M = L ? n fLg. Then M is a minimal cover with jMj = (1 + s)t = st + 1 + (t ? 1).
In fact, we will show that in PG(3; q) there exist minimal covers with excess r for all r with 0 r q. A similar result holds for all GQ(q; q 2 ) that are point-line duals of those arising from ocks of quadratic cones. In these generalized quadrangles, there exist minimal covers with excess r for all r with 0 r q 2 ? 1. However, we also give an example of a generalized quadrangle having no minimal cover with excess 1.
We also remark that in S=GQ(s; t), the point-line dual of a cover is a blocking set, that is, a set K of points of S such that each line of S is incident with some point of K. A blocking set with excess r is a blocking set of cardinality st + 1 + r.
Hence our results for covers in generalized quadrangles of order (s; t) can be translated into results on blocking sets of the dual generalized quadrangles.
2 Flock generalized quadrangles
Flock generalized quadrangles
To describe a ock GQ, we proceed in the following way.
A q-clan C = fA t jjt 2 F q g is a set of q matrices A t = x t y t 0 z t ; t 2 F q , such that, whenever s 6 = t, the matrix A s ? A t is anisotropic, which means that x(A s ? A t ) x T = 0 has only the trivial solution x = (0; 0).
Starting with a q-clan C, a GQ(q 2 ; q) S(C) is constructed as a group coset geometry. Let K denote the group consisting of the set K = f( ; c; ) ; t = q, so that a GQ S(C) = (P; B; I) may be constructed with the following points, lines and incidence.
The points are: (i) (1), (ii) right cosets A (t)g; g 2 K; t 2 F q f1g, (iii) elements g 2 K. The lines are: (a) A(t)]; t 2 F q f1g and (b) right cosets A(t)g; g 2 K; t 2 F q f1g. The incidence: (1) is incident with each line of type (a), the point A (t)g is incident with A(t)] and with each line A(t)h of type (b) contained in it, the point g of type (iii) is incident with each line A(t)g of type (b) containing it. There are no further incidences.
The Knarr construction
For q odd, N. Knarr 11] has given the following geometrical construction of the ock generalized quadrangles starting with a BLT-set in W(3; q). Note also that the condition of Theorem 3.1 is trivially ful lled for m < (q+3)=2.
Suppose that S is a spread comprising q reguli sharing exactly one line (there exist projectively distinct classes of such spreads, corresponding to ocks of quadratic cones 8, Theorem 2.2]). Choosing R to be the union of r + 1 of these reguli gives a minimal cover of excess r for each 0 r q ? 1: Let S be the regular spread in PG(3; q) for q odd, and let R be the union of three reguli in S, pairwise meeting in a line but with no common line (such a set R exists; under the Klein correspondence it is the union of three conics, pairwise tangent in three distinct points, on a 3-dimensional elliptic quadric contained in the Klein quadric). This provides a di erent example of a minimal cover of PG(3; q); q odd, of excess 3.
Let S be a spread comprising q+1 reguli which share exactly two lines (there exist projectively distinct classes of such spreads, corresponding to ocks of hyperbolic quadrics 1, 17, 18] ). Choosing R to be the union of m of these reguli gives a minimal cover of excess 2(m ? 1) for each 1 m q + 1; that is, excesses 0; 2; 4; : : : ; 2q occur.
All the examples of minimal covers constructed in this section have the property that the collection of multiple points forms a sum of lines of PG(3; q). In Section 4 we show that this is a feature of minimal covers of small excess. 4 Minimal 0-covers in PG (3; q) In this section, let be a minimal 0-cover of excess r. Let fp 1 ; : : : ; p q 3 +q 2 +q+1 g and f 1 ; : : : ; q 3 +q 2 +q+1 g be respectively the point set and plane set of PG (3; (ii) The sum of the excesses of all the points of each plane i is equal to r (mod q).
Proof Proof. Let the excess r of the 0-cover satisfy 0 < r < .
In PG(2; q), q odd, there exists a non-trivial blocking set of size 3(q + 1)=2 and in PG(2; q), q even, there exists a non-trivial blocking set of size 3q=2 + 1 9]. So we can assume that r < (q + 3)=2.
We rst note that if L is a line of excess 0, then all planes through L have excess r. Namely, r(q+1) = P q+1 i=1 b i where b i is the excess of the plane i containing L. By Lemma 4.2, we have b i = r + l i q. So r(q + 1) = r(q + 1) + q P q+1 i=1 l i . Hence, P q+1 i=1 l i = 0. As l i 0, we have l i = 0 and so b i = r; i = 1; : : : ; q + 1.
Case 1. There is a point p of excess 1.
Then it is possible to nd a line L through p whose excess is also equal to one. Indeed each point has non-negative excess and the excess of PG(3; q) is equal to r(q + 1). But r(q + 1) ? 1 is smaller than q 2 + q + 1 which is the total number of lines through p.
Through this line L, there is exactly one plane of excess r + q. Copying the arguments above, r(q + 1) = 1 + P q+1
i=1 (b i ? 1) where b i is the excess of the plane i containing L, and where we separately counted the excess of the line L. Continuing as above, the equality P q+1 i=1 l i = 1 is obtained. Hence, there is exactly one plane i passing through L with excess r + q since l i 0, i = 1; : : : ; q + 1. This is impossible. If is a plane of excess r + q, then, by using the observation made before Case 1, all lines in that plane have positive excess. Hence the points of with positive excess form a blocking set in . Since the number of points in with positive excess is at most q + r, and since this is smaller than the size of the smallest non-trivial blocking sets, there is a line M in whose points all have positive excess. So it is possible to reduce the weight of that line M and still have a 0-cover. Hence the original 0-cover was not minimal. Case 2. All points have excess greater than or equal to some value k > 1 and there is a point of excess k.
Let p be a point of excess k, then as in Case 1, it is possible to prove that there is a line L passing through p and having excess k.
Using the same arguments as for k = 1, it is possible to prove that there is a plane passing through L of excess at least r + q and at most r + kq.
Since through a line of excess 0, there only pass planes of excess r, all lines in have positive excess. Hence, the points of with positive excess form a blocking set in . Since there are at most (kq + r)=k < q + r such points, again there is a line only consisting of points with positive excess. This gives the same contradiction as in Case 1.
This conclusion gives a contradiction since the excess of a point is nite.. Thus if the excess of the minimal 0-cover is less than , then each point has excess 0 and the excess of the minimal 0-cover is 0.
Corollaries 4.4. Let q + r, r > 0, be smaller than the cardinality q + of the smallest non-trivial blocking sets in PG(2; q). This gives a new 0-cover 1 with excess r ? 1. Either r ? 1 = 0 or 0 < r ? 1 < . In the latter case, we can repeat the arguments and show that there is a line L 2 whose weight is not minimal in 1 . Again, L 2 completely consists of points with positive excess in since the excess of a point in is greater than or equal to its excess in 1 . Lower the weight of L 2 a unit; this gives a new 0-cover 2 with excess r ? 2.
Continuing in this way, a 0-cover r of excess 0, and r lines L 1 ; : : : ; L r , completely consisting of points with positive excess in , are obtained.
In r , there are no points with positive excess. Hence, the points of with positive excess must all belong to a line L 1 ; : : : ; L r .
Since the excess of PG(3; q) with respect to the 0-cover is equal to r(q +1), the collection of points with positive excess in forms a sum of these lines L 1 ; : : : ; L r , where each line is accorded a weight equal to the number of times it appears in L 1 ; : : : ; L r .
Suppose the collection of points with positive excess can be written in two distinct ways as the sum of lines L 1 ; : : : ; L r and M 1 ; : : : ; M r . Let M 1 be a line di erent from all lines L j ; j = 1; : : : ; r, or let M 1 be equal to a line L j , but with di erent weights in the corresponding sums. In the latter case, suppose that the weight of M 1 in the second sum is larger than the weight in the rst sum. Then the points of M 1 must also belong to other lines L j in the rst sum since their weights in both sums are equal to their excess in . Since we have less than q + 1 such lines L 1 ; : : : ; L r , this is impossible. 
Minimal covers in generalized quadrangles
In this section, we construct minimal covers in generalized quadrangles. Again, it is possible to construct an example of a minimal cover with small excess; an example which occurs in all generalized quadrangles.
Let L be a line of S and put M = L ? n fLg. Then M is a minimal cover with jMj = (1 + s)t = st + 1 + (t ? 1).
The problem of constructing minimal covers in generalized quadrangles is harder than the corresponding problem in PG(3; q). There So here arises the fundamental problem of the minimal cardinality of a cover of the generalized quadrangle. A natural problem is to search for a minimal cover of excess one. In contrast to the situation in PG(3; q), we will give an example of a generalized quadrangle with a spread, but not having a minimal cover of excess one. Nevertheless for the dual ock generalized quadrangles we will be able to give a result comparable to the one obtained for the minimal covers in PG(3; q). Then, in Section 6, we will concentrate on minimal covers with small excess.
Since minimal covers are minimal blocking sets in the dual generalized quadrangles, we will use both types of objects. (1) and of q elements g 2 K for which we know that A(t)g A (t)p, t 2 F q f1g.
>From the description of A (1) resulting minimal blocking set has excess three with three points p 1 ; p 2 ; p 3 such that the lines through one of these points all have two points of the blocking set. Proof. Let 
Small minimal covers in generalized quadrangles
We will now investigate the properties of small minimal covers in generalized quadrangles. We will use the most basic elements of the theory of tight sets (See 13, 14, 15] ).
De nition 6.1. A subset A of the point set P of S is called i-tight provided jAj = i(s + 1) and for each point x 2 A it holds that jx ? \ Aj = s + i. This condition is equivalent to having jAj = i(s + 1) and jx ? \ Aj = i for each point x 2 P n A. It is easy to prove that the unique type of 1-tight set is the set of points on a line. Hence it follows that the union of k disjoint lines is k-tight, and the set of points not on k disjoint lines is (1 + st ? k)-tight. It can also be shown that an irreducible 2-tight set (a tight set not the union of two proper subsets each of which is tight) is of the form X Y , where jXj = 1 + s, jY j = 1 + s, Y X ? and X Y ? . Such irreducible 2-tight sets arise when fx; yg is a regular pair and s = t. Here We have an example of this type, with M = M 2 . In GQ(2,4), the unique triple point will be z = ( 
